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In this paper, we investigate the application of the method of fundamental solutions (MFS) to two-dimensional steady-
state heat conduction problems for both isotropic and anisotropic, single and composite (bi-materials), nonlinear function-
ally graded materials (FGMs). In the composite case, the interface continuity conditions are approximated in the same
manner as the boundary conditions. The method is tested on several examples and its relative merits and disadvantages
are discussed.
 2007 Elsevier Ltd. All rights reserved.
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Functionally graded materials (FGMs) represent an important area of materials science research, with
potentially many important applications, e.g. super-heat materials for thermal barrier coatings and furnace
liners, see Hirano et al. (1990), nuclear fast breeder reactors, see Igari et al. (1990), graded refractive index
materials for optical audio–video disks, see Koike (1992), piezoelectric, thermoelectric and electromagnetic
sensors, see Tani and Liu (1993), etc. Comprehensive reviews of the FGM research can be found in the books
by Suresh and Mortensen (1998) and Miyamoto et al. (1999).
In this paper, we develop the method of fundamental solutions (MFS) for two-dimensional heat conduction
problems in both isotropic and anisotropic, single and composite (bi-materials), nonlinear exponentially (func-
tionally) graded materials. This study builds upon the previous investigation of the MFS for Cauchy problems
in exponentially graded materials, see Marin (2005). A similar extension has been investigated by Berger and
Karageorghis (1999, 2001) in the case of layered heat conductors and linear elastic materials, respectively.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.03.014
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L. Marin, D. Lesnic / International Journal of Solids and Structures 44 (2007) 6878–6890 6879Like the boundary element method (BEM), the MFS is applicable when a fundamental solution of the
operator governing the partial diﬀerential equation is explicitly known. However, the MFS is considerably
easier to implement than the BEM especially in three-dimensions since no surface integrals need to be calcu-
lated. The merits and drawbacks of the MFS in comparison with the BEM have been thoroughly discussed by
Burgess and Mahajerin (1984). In the MFS, the solution of the problem is approximated by a linear combi-
nation of fundamental solutions with the sources located outside the solution domain. The coeﬃcients of the
expansion, as well as the coordinates of the sources, are obtained by imposing the boundary conditions asso-
ciated with the problem under investigation. Thus if the coordinates of the sources are unknown then one has
to solve a nonlinear least-squares minimisation problem. Otherwise, if the sources are a priori ﬁxed, i.e. they
are prescribed, then the MFS is usually known as the charge simulation method (CSM) and a linear least-
squares problem has to be solved. An excellent comprehensive survey of the MFS for elliptic boundary value
problems can be found in Fairweather and Karageorghis (1998). Closely related to the steady-state heat con-
duction in functionally graded materials is the Helmholtz equation, for which the MFS has been applied by
Kondepalli et al. (1992), Golberg and Chen (1999) and Ramachandran (2002).
In this study, for simplicity, in order to avoid the nonlinear least-squares minimisation in the MFS, we ﬁx
the sources as in the CSM, but instead of collocating the boundary and interface conditions, we impose these
in a linear least-squares sense. Avoiding the nonlinear least-squares minimisation by ﬁxing the sources might
be advantageous to use in some instances, see e.g. Golberg and Chen (1999) and Bogomolny (1985). The com-
posite bi-material problems under consideration in this paper are solved using a domain decomposition tech-
nique developed by Berger and Karageorghis (1999) for steady-state heat conduction in isotropic and
anisotropic layered homogeneous materials. However, in the present study, the homogeneous materials used
in Berger and Karageorghis (1999) are replaced by two more general exponentially graded inhomogeneous
ones. The bi-material is then decomposed into two subdomains and the solution is approximated by an
MFS-type expansion in each subdomain. At the interface, the continuity conditions for the temperature
and heat ﬂux are imposed.
A brief outline of the paper is as follows: the MFS approach for the solution of isotropic steady-state heat
conduction in nonlinear functionally graded single and bi-materials is described in Sections 2 and 3, respec-
tively. Numerical results are presented and discussed for each situation considered. Finally, conclusions
and possible future work are summarised in Section 4.2. The MFS for anisotropic heat conduction problems in a single nonlinear functionally graded material
Consider the two-dimensional steady-state heat conduction in an anisotropic inhomogeneous ﬁnite heat
conductor X  R2 in the absence of heat sources, namelyX2
i;j¼1
o
oxi
Kijðx; T Þ oT ðxÞoxj
 
¼ 0; x 2 X; ð1Þwhere T is the temperature and Kðx; T Þ ¼ ½Kijðx; T Þ16i;j;62 is the thermal conductivity tensor which satisﬁes
K12 = K21 and detðKÞ ¼ K11K22  K212 > 0. We assume that the heat conductor is exponentially graded such
that its thermal conductivity is of the form:Kijðx; T Þ ¼ aðT ÞeKij expð2b  xÞ; x 2 X; ð2Þ
where a(T) > 0, eK 12 ¼ eK 21, detð eKÞ ¼ eK 11 eK 22  eK 212 > 0, eKij are real constants and b = (b1,b2) is a constant
material property characteristic. More general variations of the inhomogeneous nonlinear thermal conductiv-
ity tensor are given in Clements and Budhi (1999).
Firstly, on employing the Kirchhoﬀ transformationwðT Þ ¼
Z
aðT ÞdT ; ð3Þand using Eq. (2), Eq. (1) reduces to
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i;j¼1
eKij o2WðxÞoxioxj þ 2btr  ð eKrWðxÞÞ
" #
expð2b  xÞ ¼ 0; x 2 X; ð4ÞwhereWðxÞ ¼ wðT ðxÞÞ; T ¼ w1ðWÞ: ð5Þ
It should be mentioned that the inverse of W in Eq. (3) exists since a(T) > 0.
The fundamental solution of Eq. (4) is given by, see Berger et al. (2005),Gðx; yÞ ¼  K0ðjRÞ
2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
detð eKÞq exp½b  ðxþ yÞ; x; y 2 R2; ð6Þwhere j ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
btr  eKbq , R ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃrtr  eK1rp , r = x  y and K0 is the modiﬁed Bessel function of the second kind of
order zero. For isotropic materials, i.e. eK 12 ¼ eK 21 ¼ 0, eK 11 ¼ eK 22 ¼ k0 > 0, Eq. (4) recasts as
k0½r2WðxÞ þ 2btr  rWðxÞ expð2b  xÞ ¼ 0; x 2 X; ð7Þwhich has the fundamental solution, see Gray et al. (2003),gðx; yÞ ¼  i
4k0
H ð1Þ0 ðijbjjrjÞ exp½b  ðxþ yÞ; x; y 2 R2; ð8Þwhere H ð1Þ0 is the Hankel function of the ﬁrst kind of order zero. It is easy to observe that, in the isotropic case,
Eq. (6) reduces to (8) since K0ðjbjjrjÞ=2p ¼ H ð1Þ0 ðijbjjrjÞ.
In the MFS, the solution of Eq. (4) is approximated by a linear combination of fundamental solutions (6),
namely,WðxÞ  WMðxÞ ¼
XM
j¼1
ajGðx; yjÞ; x 2 X; ð9Þwhere a = (a1,a2, . . .,aM)
tr and y = (y1,y2, . . .,yM)tr is a vector containing the source points yj 2 R2 n X,
j = 1, . . .,M. Once W is determined, the temperature solution T is given by Eq. (5), i.e. T(x) = w1(W(x)).
The heat ﬂux is obtained by taking the normal derivative of Eq. (9), i.e./ðxÞ ¼
X2
i;j¼1
eKij oT ðxÞoxj niðxÞ ¼X
2
i;j¼1
eKij oWMðxÞoxj niðxÞ expð2b  xÞ ¼X
M
j¼1
ajHðx; yjÞ; x 2 oX; ð10ÞwhereHðx; yÞ ¼ expðb  rÞ
2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
detð eKÞq
j
R
½nðxÞ  rK1ðjRÞ þ ½nðxÞ  eKbK0ðjRÞn o; ð11ÞK1 is the modiﬁed Bessel function of second kind of order one and n(x) = (n1(x),n2(x)) is the outward unit
normal vector at x 2 oX.
Eq. (1) has to be solved subject to the boundary conditionsBT ðxÞ ¼ f ðxÞ; x 2 oX; ð12Þ
where the operator B can specify Dirichlet, Neumann or Robin boundary conditions. Note that, under the
transformation (3), the boundary conditions (12) transform into Dirichlet, Neumann or Robin nonlinear
boundary conditions in terms of W.
The boundary conditions (12) are imposed at a set of points xi 2 oX, i = 1,2, . . .,N, resulting in a system of
N linear equations with M unknowns, aj, j = 1,2, . . .,M, if the source points y
j 2 R2 n X, j = 1,2, . . .,M, are a
priori ﬁxed, as it is assumed in this study. Generically, we can write this system of equations asAa ¼ F; ð13Þ
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tr is the vector of unknowns, the matrix A 2 RNM contains elements of the matrices
½Gðxi; yjÞ 2 RNM and ½Hðxi; yjÞ 2 RNM , and F = (f(x1), f(x2), . . ., f(xN))tr. A necessary condition for the sys-
tem of equations (13) to be determined is that NPM. For N >M, we solve the system of equations (13) using
an ordinary linear least-squares method. It is worth mentioning that the source locations can also be treated as
unknowns for the problem. However, in this situation a nonlinear minimisation problem should be solved in-
stead of (13), see e.g. Mathon and Johnston (1977).
2.1. Example 1
We consider a single anisotropic material in the square X = (1,1) · (1,1) representing a nonlinear FGM
with exponential heterogeneity given by Eq. (2). In order to ﬁnd a complicated analytical solution of Eq. (1),
we perform the following analysis. In practical applications, the dependence of the thermal conductivity on the
temperature may be taken to be linear, see Sawaf et al. (1995), so thataðT Þ ¼ 1þ cT ; ð14Þ
where c is a constant. Eq. (3) then yieldswðT Þ ¼ Tþ c
2
T 2: ð15ÞSince a(T) > 0, the function w is invertible such that taking only the positive root of Eq. (15), we obtainT ¼ 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2cwp
c
: ð16ÞOn deﬁningvðxÞ ¼ WðxÞ expðb  xÞ; ð17Þ
Eq. (4) transforms into the following equationX2
i;j¼1
eKij o2vðxÞoxioxj  bibjvðxÞ
 
¼ 0; x 2 X: ð18ÞMaking the change of variablesy ¼ Qx; x 2 X; ð19Þ
such thatQ eKQtr ¼ I; ð20Þ
then Eq. (18) transforms into the modiﬁed Helmholtz equationðr2y  j2ÞvðyÞ ¼ 0; y 2 QðXÞ; ð21Þ
wherej2 ¼ btr  eKb: ð22Þ
Let us consider therefore an orthotropic material, i.e. eK 12 ¼ eK 21 ¼ 0, and take eK 11 ¼ 2 and eK 22 ¼ 1. Choosing
b = (0,1), from Eq. (22) it follows that j2 = 1. This example corresponds to an ideal FGM whose material
properties vary smoothly in one dimension only. We then choose a solution of the modiﬁed Helmholtz equa-
tion (21) with j2 = 1, which is given byvðyÞ ¼ sinhðrÞﬃﬃﬃﬃﬃ
2r
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y1  1
r
r
; y 2 QðXÞ; ð23Þ
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðy1  1Þ2 þ y22
q
; ð24Þand takeQ ¼ 1=
ﬃﬃﬃ
2
p
0
0 1
 !
; i:e: y1 ¼ x1=
ﬃﬃﬃ
2
p
and y2 ¼ x2: ð25ÞHence, from Eq. (17) we obtainWðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c=rp ﬃﬃﬃﬃﬃ
2r
p sinhðrÞex2 ; x 2 X; ð26Þwherec ¼ x1=
ﬃﬃﬃ
2
p
 1; r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2 þ x22
q
: ð27ÞFinally, on taking c = 1/2 in Eq. (16), we obtain the exact solution for the temperature, namelyT ðanÞðxÞ ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
WðxÞ þ 1
p
 2; x 2 X; ð28Þwhere W is given by Eq. (26). The function T(an) given by Eq. (28) satisﬁes Eq. (1) with the thermal conduc-
tivity tensor given byKðx; T ðanÞÞ ¼ 1þ T
ðanÞðxÞ
2
 
ex2
2 0
0 1
 
; x 2 X: ð29ÞThe exact solution for the numerical ﬂux is obtained by taking the normal derivative of the exact solution for
the temperature (28) and is given by/ðanÞðxÞ ¼ ðnðxÞ  eKrWðxÞÞe2bx ¼X2
i;j¼1
niðxÞeKij oWðxÞoxj e2bx
¼ ex2 2 oWðxÞ
ox1
n1ðxÞ þ oWðxÞox2 n2ðxÞ
 
; x 2 oX; ð30ÞwhereoWðxÞ
ox1
¼ e
x2
2r
ﬃﬃ
r
p ðc=rÞ
2  1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c=rp  c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c=rp
2r
 !
sinhðrÞ þ c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c=r
p
coshðrÞ
" #
;
oWðxÞ
ox2
¼ e
x2ﬃﬃﬃﬃﬃ
2r
p cx2
2r3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c=rp  x2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c=rp
2r2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c=r
p !
sinhðrÞ þ x2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c=rp
r
coshðrÞ
" #
:
ð31ÞWe consider B ¼ I in Eq. (12), i.e. Dirichlet boundary conditions, namely
T ðxÞ ¼ f ðxÞ; x 2 oX: ð32ÞUnder the transformation (15) with c = 1/2, this condition remains a Dirichlet condition for W and is given byWðxÞ ¼ f ðxÞ þ 1
4
f 2ðxÞ; x 2 oX: ð33ÞIn the case of Example 1, we have used N = 84 collocation points uniformly distributed on the boundary oX,
see Fig. 1, andM 2 {5,10,20} source points uniformly distributed on the boundary of the disk B(0,Rs), where
Rs = 4.0. It is important to mention that two identical collocation points have been used for each corner on the
boundary oX and these correspond to the heat ﬂux at each corner point on the boundary oX which is taken to
belong to the two corresponding adjacent edges. However, the temperatures at the two identical collocation
points associated with the corner points on oX have the same value. Alternatively, the double collocation
-1.0 -0.5 0.0 0.5 1.0
x1
-1.0
-0.5
0.0
0.5
1.0
x 2
1 21
22
42
4363
64
84
Fig. 1. Schematic diagram of the solution domain and the location of the MFS boundary collocation points for Example 1.
L. Marin, D. Lesnic / International Journal of Solids and Structures 44 (2007) 6878–6890 6883approach for the corner points of the square X = (1,1) · (1,1) could be avoided, provided that all the col-
location points are considered as interior points on the edges of o X. Clearly, the numerical solution of the
direct problem associated with Example 1 depends on the number of collocation points, N, the number of
sources, M, and the radius of the disk, Rs, on whose boundary the later are located. However, it should be
mentioned that, for N = 84 collocation points uniformly distributed on the boundary oX, a further increase
of MP 20 and RsP 4.0 does not imply a signiﬁcant improvement in the accuracy of the numerical solution
for the heat ﬂux on the boundary of the solution domain under investigation. In general, as a rule of thumb,
experienced researchers on the MFS suggest to take NP 3M, see Fairweather and Karageorghis (1998).
Fig. 2 presents the numerical solution for the heat ﬂux on oX obtained from Eq. (10) in comparison with the
analytical heat ﬂux on oX given by Eq. (30), using N = 84, M 2 {5,10,20} and Rs = 4.0. It can be seen from
this ﬁgure that the MFS-based numerical heat ﬂux on oX represents a very accurate approximation for its cor-
responding analytical solution. Also, the numerical results become more accurate as M increases. Once the
function W and the vector a = (a1,a2, . . .,aM)
tr have been found accurately, Eq. (28) gives immediately the
numerical solution for the temperature T at internal points x 2 X. Fig. 3a illustrates that the numerical iso-
therms obtained for M = 20 and the analytical ones in X are indistinguishable. The corresponding percentage
normalised errors deﬁned by0 20 40 60 80
BEM nodes
-10
-5
0
5
Analytical
Numerical (M = 5)
Numerical (M = 10)
Numerical (M = 20)
Fig. 2. Analytical (—) and numerical heat ﬂux, obtained using various numbers of source points, namely M = 5 (  j  ), M = 10
(  d  ) and M = 20 (  .   ), for Example 1.
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Fig. 3. (a) Analytical (—) and numerical (- - -) isotherms in the domain X, and (b) the corresponding percentage normalised errors,
obtained using M = 20 source points for Example 1.
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ðnumÞðxÞ  T ðanÞðxÞj
max
y2X
jT ðanÞðyÞj  100; x 2 X; ð34Þwhere T(an) and T(num) denote the exact and numerical temperatures, are presented in Fig. 3b. From Figs. 2
and 3 we can conclude that the proposed numerical method provides very accurate approximations for both
the unknown boundary ﬁeld, i.e. in this case the boundary heat ﬂux, and the internal temperature in the case
of a single anisotropic nonlinear FGM. In the next example, we consider a nonlinear variation of the thermal
conductivity with respect to the temperature.2.2. Example 2
In practice, FGMs serve in the high-temperature environments and, therefore, in Example 2 we consider the
thermal conductivity as a nonlinear function of temperature, see e.g. Touloukian (1967), such asaðT Þ ¼ eT : ð35Þ
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obtainwðT Þ ¼ eT ; T ¼ lnðwÞ; ð36Þ
andWðxÞ ¼ eT ðxÞ; T ðxÞ ¼ lnðWðxÞÞ; x 2 X: ð37Þ
We consider the same geometry as in Example 1, namely the square X = (1,1) · (1,1), and the function W
given by Eq. (26). Then the functionT ðanÞðxÞ ¼ ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c=rp ﬃﬃﬃﬃﬃ
2r
p sinhðrÞex2
 !
; x 2 X; ð38Þsatisﬁes Eq. (1) with the thermal conductivity tensor given byKðx; T ðanÞÞ ¼ eT ðanÞðxÞex2 2 0
0 1
 
; x 2 X: ð39Þ1.2
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(a) Analytical (—) and numerical (- - -) isotherms in the domain X, and (b) the corresponding percentage normalised errors,
ed using M = 20 source points for Example 2.
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The MFS discretisation of the problem (1) and (32) with the thermal conductivity tensor given by (39) is
the same as that of Example 1. Fig. 4a shows that the numerical isotherms obtained using M = 20 source
points and the analytical ones in the domain X are indistinguishable, whilst the corresponding percentage
normalised errors are plotted in Fig. 4b. Although not presented herein, it is reported that the numerically
retrieved heat ﬂux on the boundary oX in the case of Example 2 represents a very accurate approximation
for its corresponding analytical value and, moreover, has a behaviour similar to that of the heat ﬂux ob-
tained for Example 1.3. The MFS for heat conduction problems in nonlinear functionally graded bi-materials
Consider the following bi-material problem in the domains X1 and X2:X2
i;j¼1
o
oxi
KðlÞij ðx; T lÞ
oT lðxÞ
oxj
 
¼ 0; x 2 Xl; l ¼ 1; 2; ð41Þsubject to the boundary conditionsBlT lðxÞ ¼ flðxÞ; x 2 oXl; l ¼ 1; 2; ð42Þ
and the interface conditionsT 1ðxÞ ¼ T 2ðxÞ; /1ðxÞ þ /2ðxÞ ¼ 0; x 2 oX1 \ oX2; ð43Þ
where/lðxÞ ¼ nðlÞðxÞ KðlÞrT lðxÞ ¼
X2
i;j¼1
nðlÞi ðxÞKðlÞij
oT lðxÞ
oxj
; x 2 oXl; l ¼ 1; 2: ð44ÞAssume that both materials occupying the domains X1 and X2 are nonlinear and exponentially graded mate-
rials such that their corresponding thermal conductivity tensors are of the formKðlÞij ðx; T lÞ ¼ alðT lÞeK ðlÞij expð2bðlÞ  xÞ; x 2 Xl; l ¼ 1; 2; ð45Þ
where al(Tl) > 0, eK ðlÞ12 ¼ eK ðlÞ21 , detð eKðlÞÞ ¼ eK ðlÞ11 eK ðlÞ22  ðeK ðlÞ12 Þ2 > 0, eK ðlÞij are real constants and bðlÞ ¼ ðbðlÞ1 ; bðlÞ2 Þ are
constant material property characteristics. As in Eq. (3), on using the Kirchhoﬀ transformationsWl ¼ wlðT lÞ ¼
Z
alðT lÞdT l; T l ¼ w1l ðWlÞ; l ¼ 1; 2; ð46ÞEq. (41) recasts asX2
i;j¼1
eK ðlÞij o2WlðxÞoxioxj þ 2ðbðlÞÞtr  eKðlÞ rWlðxÞ
 " #
expð2bðlÞ  xÞ ¼ 0; x 2 Xl; l ¼ 1; 2: ð47ÞWith the MFS, we seek the solution of the problem (41)–(43) in the form (9), namelyWlðxÞ  WMl ðxÞ ¼
XM
j¼1
aðlÞj G
ðlÞðx; yjÞ; x 2 Xl; l ¼ 1; 2; ð48Þwhere aðlÞ ¼ ðaðlÞ1 ; aðlÞ2 ; . . . ; aðlÞM Þtr and Y = (y1,y2, . . .,yM)tr is a vector containing the source points
yj 2 R2 n X1 [ X2, j = 1,. . .,M. Collocating uniformly at a set of points xi 2 oX1 [ oX2, i = 1,2,. . .,N, we ﬁnal-
ly obtain a system of NP 2M linear algebraic equations with 2M unknowns aðlÞj , j = 1,2, . . .,M, l = 1,2,
which is solved in the least-squares sense.
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Fig. 5. Schematic diagram of the solution domain and the location of the MFS boundary collocation points for Example 3.
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Fig. 6. Analytical (—) and numerical (  d  ) heat ﬂux on the boundaries (a) oX1, and (b) oX2, for Example 3.
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We consider a bi-material X = X1 [ X2, where X1 = (1,1) · (0,1) and X2 = (1,1) · (1,0) represent the
domains occupied by two linear isotropic materials such that a1(T1) = a2(T2)  1, eKðlÞ ¼ kðlÞI, l = 1,2,
b(1) = (1,1) and b(2) = (1,k(1)/k(2)). We solve the problem with the exact solutions for the temperature and heat
ﬂux given byFig. 7.
errors,T ðanÞl ðxÞ ¼ expð2bðlÞ  xÞ; x 2 Xl; l ¼ 1; 2; ð49Þ
and/ðanÞl ðxÞ ¼ nðlÞðxÞ KðlÞrT ðanÞl ðxÞ ¼ 2ðnðlÞðxÞ  eKðlÞbðlÞÞexpð2bðlÞ  xÞ; x 2 oXl; l ¼ 1; 2; ð50Þ
respectively, where k(1) = 2 and k(2) = 1. Furthermore, we consider the Dirichlet problem for the bi-material
under investigation, i.e. Bl ¼ I , l = 1,2. Since the bi-material is linear there is no need to employ the Kirchhoﬀ
transformation (46).34.65
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(a) Analytical (—) and numerical (- - -) isotherms in the domain X = X1 [ X2, and (b) the corresponding percentage normalised
for Example 3.
L. Marin, D. Lesnic / International Journal of Solids and Structures 44 (2007) 6878–6890 6889For Example 3, we have used N1 = N2 = 116 collocation points uniformly distributed on the boundaries
oX1 and oX2, respectively, see Fig. 5, such that N = N1 + N2, and M = 20 source points uniformly distributed
on the boundary of the disk B(0,Rs), where Rs = 4.0. In this case, the double collocation approach for the
corner points of the subdomains Xl, l = 1,2, has been avoided and hence all the collocation points have been
considered as interior points on the edges of oXl, l = 1,2, see Fig. 5.
Fig. 6a and b present the numerical solution for the heat ﬂux on the boundaries oX1 and o X2, respectively,
in comparison with the corresponding analytical values for heat ﬂux (50). From these ﬁgures it can be seen
from these ﬁgures that the MFS-based numerical heat ﬂux on oX1 [ oX2 represents a very accurate approx-
imation for the analytical heat ﬂux on o X1 [ oX2 and, in addition, the transmission condition for the heat ﬂux
at the interface oX1 \ oX2 is also satisﬁed. Once the vectors aðlÞ ¼ ðaðlÞ1 ; aðlÞ2 ; . . . ; aðlÞM Þtr, l = 1,2, have been found
accurately, Eq. (48) gives immediately the numerical solution for the temperature T at internal points
x 2 X = X1 \ X2 Fig. 7a illustrates that the numerical and analytical solutions isotherms in X are indistin-
guishable, with the corresponding percentage normalised errors presented in Fig. 7b. From Figs. 6 and 7
we can conclude that the proposed numerical method provides very accurate approximations for the unknown
boundary ﬁeld, i.e. in this case the boundary heat ﬂux, both the temperature and heat ﬂux at the interface, and
the internal temperature, for a composite functionally graded bi-material.4. Conclusions
In this paper, the applicability of the MFS to steady-state heat conduction problems in two-dimensional
nonlinear functionally graded materials has been demonstrated. In particular, the MFS was applied to two-
dimensional isotropic or anisotropic, single or composite, linear or nonlinear FGMs with exponential varia-
tion of the heterogeneous thermal conductivity tensor. A similar analysis can be applied to functionally graded
elastic solids using the fundamental solution derived by Martin et al. (2002). The MFS produces accurate
results when compared to the exact solutions for the test problems considered. In the composite bi-material
case, in addition to the boundary conditions, the interface continuity conditions are also imposed. Clearly,
in the case of a planar interface, one may attempt to ﬁnd explicitly a Green function which automatically sat-
isﬁes the continuity interface conditions, as described in Berger et al. (2000) for heat conduction in bi-mate-
rials. However, this approach is not readily extendable to FGMs. In addition, for bi-material problems
involving nonplanar interfaces only the MFS described in this paper can be applied. Future work may involve
three-dimensional composite materials and transient heat conduction problems in FGMs.References
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